
6.251.

y = cosx

y′ = −sinx

y′′ = −(sinx)′ = −cosx

y′′′ = −(cosx)′ = −(−sinx) = sinx

y(4) = (sinx)′ = cosx = y

I od tej chwili pochodne zaczynaj¡ si¦ powtarza¢. Zachodz¡ nastepuj¡ce zwi¡zki trygonometryczne:

y′ = −sinx = sin(π + x) = sin(π + 0 · π
2
+ x)

y′′ = −cosx = sin(3
2
π + x) = sin(π + 1 · π

2
+ x)

y′′′ = sinx = sin(4
2
π + x) = sin(π + 2 · π

2
+ x)

y(4) = cosx = sin(π
2
+ x) = sin(π + π + π

2
+ x) = sin(π + 3

2
π + x) = sin(π + 3 · π

2
+ x)

Bior¡c pod uwag¦ powy»sze zale»no±ci widzimy, »e wzór ogólny na pochodn¡ rz¦du n funkcji

y wyra»a si¦ wzorem:

y(n) = sin(π + (n− 1) · π
2
+ x) = sin(π

2
+ π

2
+ (n− 1) · π

2
+ x) = sin(π

2
+ n · π

2
+ x) = cos(n · π

2
+ x)

6.252.

y = xn

y′ = nxn−1

y′′ = n(xn−1)′ = n(n− 1)xn−2

y′′′ = n(n− 1)(xn−2)′ = n(n− 1)(n− 2)xn−3

Zatem: y(k) = n!
(n−k)! · x

n−k

oraz: y(n) = n!
(n−n)! · x

n−n = n!
0!
· x0 = n!

1
· 1 = n!

6.253.

y = lnx dla x > 0

y′ = 1
x
= x−1

y′′ = (x−1)′ = (−1) · x−2 = −x−2

y′′′ = −(x−2)′ = −(−2) · x−3 = 2x−3
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y(4) = 2 · (x−3)′ = 2 · (−3) · x−4 = −2 · 3x−4

y(5) = −2 · 3 · (x−4)′ = −2 · 3 · (−4) · x−5 = 2 · 3 · 4 · x−5

Zatem: y(n) = (−1)n−1 · (n− 1)! · x−n = (−1)n−1 · (n−1)!
xn

6.254.

y =
√
x dla x > 0

y′ = (
√
x)′ = (x

1
2 )′ = 1

2
· x 1

2
−1 = 1

2
· x− 1

2

y′′ = 1
2
· (x− 1

2 )′ = 1
2
· (−1

2
) · x− 1

2
−1 = −1

4
· x− 3

2

y′′′ = −1
4
· (x− 3

2 )′ = −1
4
· (−3

2
) · x− 3

2
−1 = 3

8
· x− 5

2

y(4) = 3
8
· (x− 5

2 )′ = 3
8
· (−5

2
) · x− 5

2
−1 = −15

16
· x− 7

2

Zatem:

y(n) = (−1)n−1·[1·3·5·...·(2n−3)]
2n

· x− 1
2
−(n−1) = (−1)n−1·[1·3·5·...·(2n−3)]

2n
· x 1

2
−n = (−1)n−1 · 1·3·5·...·(2n−3)

2n
· x

1
2

xn
=

= (−1)n−1 · 1·3·5·...·(2n−3)
2n·xn · x 1

2 = (−1)n−1 · 1·3·5·...·(2n−3)
2n·xn ·

√
x, dla n > 2 ∧ x > 0

6.255.

y = 3
√
x dla x > 0

y′ = (x
1
3 )′ = 1

3
· x 1

3
−1 = 1

3
x−

2
3

y′′ = 1
3
(x−

2
3 )′ = 1

3
· (−2

3
) · x− 5

3 = −2
9
x−

5
3

y′′′ = −2
9
· (x− 5

3 )′ = −2
9
· (−5

3
) · x− 8

3 = 10
27
· x− 8

3

y(4) = 10
27
· (x− 8

3 )′ = 10
27
· (−8

3
) · x− 11

3 = −80
81
· x− 11

3

Zatem:

y(n) = (−1)n−1 · 2·5·8·...·[(3(n−1)−1]
3n

· x− 2
3
−(n−1) = (−1)n−1 · 2·5·8·...·(3n−3−1)

3n
· x 1

3
−n =

= (−1)n−1 · 2·5·8·...·(3n−4)
3n

· x
1
3

xn
= (−1)n−1 · 2·5·8·...·(3n−4)

3n·xn · 3
√
x dla x > 0 ∧ n > 2

6.256.

y = 1
ax+b

dla ax+ b 6= 0

y′ = [(ax+ b)−1]′ = (−1) · (ax+ b)−2 · (ax+ b)′ = −(ax+ b)−2 · a = −a(ax+ b)−2
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y′′ = −a · [(ax+ b)−2]′ = −a · (−2) · (ax+ b)−3 · (ax+ b)′ = 2a2 · (ax+ b)−3

y′′′ = 2a2 · [(ax+ b)−3]′ = 2a2 · (−3) · (ax+ b)−4 · (ax+ b)′ = −6a3 · (ax+ b)−4

y(4) = −6a3 · [(ax+ b)−4]′ = −6a3 · (−4) · (ax+ b)−5 · (ax+ b)′ = 24a4 · (ax+ b)−5

Zatem:

y(n) = (−1)n · n! · an · (ax+ b)−(n+1) = (−1 · a)n · n! · (ax+ b)−(n+1) = (−a)n · n!
(ax+b)n+1

6.257.

y = ln|C1e
x + C2e

−x| , y′′ = 1− (y′)2

y′ = 1
C1ex+C2e−x · (C1e

x + C2e
−x)′ = C1ex+C2[(ex)−1]′

C1ex+C2e−x = C1ex+C2·(−1)·(ex)−2·(ex)′
C1ex+C2e−x = C1ex−C2·(ex)−2·ex

C1ex+C2e−x =

= C1ex−C2·(ex)−2+1

C1ex+C2e−x = C1ex−C2·(ex)−1

C1ex+C2e−x = C1ex−C2·e−x

C1ex+C2e−x

y′′ = (C1ex−C2·e−x

C1ex+C2e−x )
′ = (C1ex−C2e−x)′·(C1ex+C2e−x)−(C1ex−C2e−x)·(C1ex+C2e−x)′

(C1ex+C2e−x)2
=

= [(C1ex)′−(C2e−x)′]·(C1ex+C2e−x)−(C1ex−C2e−x)·[(C1ex)′+(C2e−x)′]
(C1ex+C2e−x)2

=

= [C1ex−C2·[(ex)−1]′]·(C1ex+C2e−x)−(C1ex−C2e−x)·[C1ex+C2·[(ex)−1]′]
(C1ex+C2e−x)2

=

= [C1ex−C2·(−1)·(ex)−2·(ex)′]·(C1ex+C2e−x)−(C1ex−C2e−x)·[C1ex+C2·(−1)·(ex)−2·(ex)′]
(C1ex+C2e−x)2

=

= [C1ex+C2·(ex)−2·ex]·(C1ex+C2e−x)−(C1ex−C2e−x)·[C1ex−C2·(ex)−2·ex]
(C1ex+C2e−x)2

=

= [C1ex+C2·(ex)−1]·(C1ex+C2e−x)−(C1ex−C2e−x)·[C1ex−C2·(ex)−1]
(C1ex+C2e−x)2

=

= (C1ex+C2·e−x)·(C1ex+C2e−x)−(C1ex−C2e−x)·(C1ex−C2·e−x)
(C1ex+C2e−x)2

= (C1ex+C2·e−x)2−(C1ex−C2e−x)2

(C1ex+C2e−x)2
=

= (C1ex+C2·e−x)2

(C1ex+C2e−x)2
− (C1ex−C2e−x)2

(C1ex+C2e−x)2
= 1− (C1ex−C2e−x

C1ex+C2e−x )
2 = 1− (y′)2, c.n.d
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6.258.

y = C1x
2 + 2C1x+ C2 (1 + x)y′′ = y′

y′ = C1 · 2x+ 2C1 = 2C1x+ 2C1 = 2C1(x+ 1)

y′′ = 2C1(x+ 1)′ = 2C1(1 + 0) = 2C1

Zatem:

(1 + x)y′′ = (1 + x) · 2C1 = 2C1(x+ 1) = y′ c.n.d.

6.259.

x2 + y2 = a2

dla t = 0 mamy M1 =MS = (a, 0)

Poniewa» ruch po okr¦gu jest jednostajny oraz w chwili pocz¡tkowej t = 0 ∧ α = 0, wi¦c:

α = ωt (1)

Punkt A = (x, y) obrócony o k¡t α wokóª pocz¡tku ukªadu wspóªrz¦dnych daje punkt A′

o wspóªrz¦dnych (x′, y′) które wyra»aj¡ si¦ wzorami:
x′ = xcosα− ysinα

y′ = xsinα + ycosα
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W naszym przypadku A =MS = (a, 0) oraz A′ =M = (x′, y′), zatem:
x′ = acosα− 0 · sinα

y′ = asinα + 0 · cosα
m
x′ = acosα

y′ = asinα

m (1)
x′ = acos(ωt)

y′ = asin(ωt)

Dalej, punkt M1 jest rzutem punktu M na o± Ox, wi¦c ma on wspóªrz¦dne:

M1 = (x′, 0) = [acos(ωt), 0], czyli w chwili t pokonuje on drog¦ s = x′ = acos(ωt).

Jego pr¦dko±¢ wynosi:

ds
dt

= [acos(ωt)]′ = a · [−sin(ωt)] · (ωt)′ = −aω · sin(ωt)

Natomiast przyspieszenie:

ds
dt

= [−aω · sin(ωt)]′ = −aω · cos(ωt) · (ωt)′ = −aω2 · cos(ωt)

Pr¦dko±¢ pocz¡tkowa (dla t = 0) wynosi: −aω · sin(ω · 0) = −aω · sin0 = 0

Przyspieszenie pocz¡tkowe (dla t = 0) wynosi: −aω2 · cos(ω · 0) = −aω2 · cos0 = 0 = −aω2

Punkt M1 przechodzi przez pocz¡tek ukªadu wspóªrzednych, gdy x′ = 0 oraz

α = ωt = kπ + π
2
, k ∈ {0, 1}

Zatem jego pr¦dko±¢ w tym punkcie wynosi:

−aω · sin(kπ + π
2
) =


−aω · sin(π

2
) dla k = 0

−aω · sin(π + π
2
) dla k = 1

=


−aω dla k = 0

−aω · [−sin(π
2
)] dla k = 1

=

=


−aω dla k = 0 (− bo porusza się w lewo)

aω dla k = 1 (+ bo porusza się w prawo)

Natomiast przyspieszenie wynosi:
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−aω2 · cos(kπ + π
2
) =


−aω2 · cos(π

2
) dla k = 0

−aω2 · cos(π + π
2
) dla k = 1

=


−aω2 · 0 dla k = 0

−aω2 · [−cos(π
2
)] dla k = 1

=

=


−aω2 · 0 dla k = 0

−aω2 · 0 dla k = 1

= 0 dla k ∈ {0, 1}

Punkt M1 porusza si¦ zgodnie z nast¦puj¡cym prawem: s = acos(ωt).

Jego pr¦dko±¢ pocz¡tkowa wynosi 0 a przyspieszenie pocz¡tkowe wynosi −aω2.

Jego pr¦dko±¢ w pocz¡tku ukªadu wspóªrz¦dnych ma warto±¢ | − aω| a przyspieszenie

w pocz¡tku ukªadu wspóªrz¦dnych wynosi 0.

6.260.

ϕ = a+ bt− ct2, a, b, c > 0 ← staªe

Zachodz¡ nast¦puj¡ce wzory:

ω = dϕ
dt

i ε = dω
dt

gdzie ω to pr¦dko±¢ k¡towa a ε to przyspieszenie k¡towe. Zatem:

ω = (a+ bt− ct2)′ = 0 + b− 2ct = b− 2ct

ε = (b− 2ct)′ = 0− 2c

Koªo przestanie si¦ obraca¢, gdy ω = 0 czyli: b− 2ct = 0 ⇔ 2ct = b ⇔ t = b
2c
.

6.261.

x = asin(ωt+ ϕ0) a, ω, ϕ0 = const

x′ = [asin(ωt+ ϕ0)]
′ = acos(ωt+ ϕ0) · (ωt+ ϕ0)

′ = aωcos(ωt+ ϕ0)

x′′ = [aωcos(ωt+ϕ0)]
′ = aω ·[−sin(ωt+ϕ0)]·(ωt+ϕ0)

′ = −aω ·sin(ωt+ϕ0)·ω = −aω2 ·sin(ωt+ϕ0) =

= −ω2 · [a · sin(ωt+ ϕ0)] = −ω2 · x c.n.d
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